Self - similar solutions of the Burgers hierarchy 



Nikolay A. Kudryashov 

Department of Applied Mathematics, National Research 
Nuclear University MEPHI, 31 Kashirskoe Shosse, 115409 
Moscow, Russian Federation 



Abstract 

Self — similar solutions of the equations for the Burgers hierarchy 
are presented. 

1 Introduction 

The Burgers hierarchy can be written in the form [US] 

d fd Y 

Ut+T^{T- + u] u = 0, n = 0,1,2,.... 



dx \dx 

Assuming n = 1 in Eq. ([1]) we have the Burgers equation 

ut + 2uux+ Uxx = 0. (2) 

Eq. (|2]) was firstly introduced in [5]. It is well known that this equation can be 
linearized by means of the Cole-Hopf transformation [HHH]. Exact solutions 
of Eq.(|2]) were considered in many papers (see, for example, [9HT2]). 

Assuming n = 2 in Eq. ([T]) we obtain the Sharma - Tasso - Olver equation 

ut + u^xx + 3 + 3 u Uxx + 3 = 0. (3) 

The Sharma - Tasso - Olver equation was derived in [UIIS]. Some exact 
solutions of this equation were presented in p^ll2T] . 

At n = 3 and n = 4 we obtain the following fourth and fifth order partial 
differential equations 

Ut + Uxxxx + 10 u^Uxx + 4 uu^^^ + 12 uul+ 

+6 U^Uxx + ^V? Ux = ^1 

1 



"^t ~l~ '^xxxxx ^" 10 U^^ + 15 UxUxxx ~(" 5 UUxxxx ~l" 15 + 
+50 UUxUxx + 10 U^Uxxx + 30 "U^M^ + 10 U^Uxx + 5 "U^Mx = 0. 



(5) 



Assuming 

x = Lx, u = CqU, t = Tt, (6) 

we have that Eq.([T]) is invariant under the dilation group in the case 

CoL = l, T = L''+\ (7) 

Assuming Cq = e~° in ([7]), we obtain the delation group for the Burgers 
hierarchy ([T]) in the form 

u = e"" u, X = e" X, t = e"("+^) t. (8) 

From transformations ([8]) we have two invariants for Eq.([T]) 

1 / , / . 1 X , , 

= Utn+l = U (t )" + !, /2 = = (9) 

Therefore we look for the solutions of the Burgers hierarchy taking into 
account the variables 

u{x,t) = ^f{z), z = ^. (10) 

Substituting ( ITOj) into ([1]) we obtain the equation for f{z) at 

A = B=- (11) 

(n + l)"+i 

in the form 

(5i + ^)"^--~^ + ^ = °- (12' 

where /5 is the constant of integration. 

Solving Eq. fll2l) we obtain solutions of the Burgers hierarchy in the form 

u{x,t) = ^ f{z), z = ^ (13) 

(?2t + t)"+i (nt + t)"+i 

Let us study the solutions of nonlinear ordinary differential equation (|T2|) . 
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2 Exact solutions of equation(ll2D 

First of all let us prove the following lemma. 

Lemma 1. Equation f|T2l) can he transformed to the linear equation of 
(n + 1) - th order by means of transformation 

Proof. The proof of this lemma can be given by means of the mathe- 
matical induction method. 

Using the transformation (HM we have 

Assuming that there is equality 



Differentiating Eq. f[T6|) with respect to in z we have 

d f d fV f ^ ^k+2,z i^k+i,z . „^ 

dz \dz ■') ^ V V'' ■ 



From Eq. pTj) we obtain the equahty 

±,,ff.tf.. (13) 

Therefore we obtain the formula 

^,;)";^*^. (19) 
Taking this formula into account we have the equality 

^ + f-zf + l3 = -{iJn+i,z-zij, + ^^). (20) 



As result of this lemma we obtain that solutions of Eq. f[T2|) can be found 
by the formula ([HI), where i^lz) is the solution of the linear equation 

^n+i,. -^^. + /3^ = 0, (21) 
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Let us consider the partial cases. Assuming /3 = in Eq. (l2Tl) we have 

ijn+l,z- Zi>z = 0. (22) 

Denoting ijj^ = y we obtain 

yn,z-zy = 0. (23) 
In the case n = 1 we get solution of Eg. (1231) in the form 

y{z) = C2e-'^. (24) 
The general solution of Eq.( l23|) can be written as 

ij{z) = Cs + C2 r e-'^dC, (25) 



where C2 and C3 are arbitrary constants. In the case n = 2 we obtain the 
general solution of Eg. (1231) in the form 

yiz) = C,V^J. Q^l^ +C5v^yi Q^i) , (26) 

where Ji and Yi are the Bessel functions. 

3 3 

In the case n > 2 solution of Eq. fl23|) has n solutions 

y,{z) = z^-'E^^^^^^^{z^+'), j = l,2,...,n, (27) 

where En,m,i is a Mittag - LefHer type special function defined by |22] ; 

^ fj^ r(n(ms + / + !) + !) 

In the case /3 7^ solutions of Eq. fl23|) can be referred to the type of the 
Laplace equations |23]. There are partial solutions ipi^z) = —z^ of Eq. fl2T]) 
at /3 = m, where < m < n is integer. In the general case solutions of 
equations fl?I]) can be found using the Laplace transformation or taking the 
expansions in the power series into account. 

For a example let us solve the Cauchy problem for linear ordinary differ- 
ential equation (12T|) at /? = — L We have the following problem 



(29) 

l/j^Z = 0) = 60, i^ziz = 0) = bi, . . . , = bn-2 i^n-l,z = K-l- 
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Substituting 

CO 

ij{z) = Y,amZ'^ (30) 



m=0 



into Eg. (1291) . we obtain the solution in the form 

^z-^ n -=0 {nj + i) ^ ."'=+1 n -=0 J + 2) 



2^ - ."^^^n,to(r^.-+3) 



+ (n - 2)! a„_. + i), + 



(31) 



fc=0 



^ (nfc + n)! 

The value of coefficients ao, c^i, 02, ... , a„-2 and a„_i are determined by 
the initial values b^, 61, 621 • • • 1 and &„_i. We have 

ao - Oo, ai-Oi, ^2 - -^y^, • • • , On-i - _ ■ l-^^J 

Let us present the partial cases of solution for equation (12^ . In the case 
n = 3 we have solution in the form 

^z'' n -=0 (3 J + 1) , ^ z''^' YlU (3 ^' + 2) , 
^ " £ (3^ + 1)' " " S (3^ + 2)! + 



(33) 

+2 02 



^ z'' ^^ n-=o(3j + 3) 
(3A: + 3)! 



fc=0 
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Assuming n = 4 we obtain 



n-=o(4j + l) , ^ z^'^^' n -=0(4 J + 2) ^ 



(34) 



n'=o(4j + 3) , ^ >^^^'+^n -=0(4^+4) 



One can show that these power series are conversed for any values z. 
Therefore self-similar solutions of equations for the Burgers hierarchy are 
found after substitution flMl) into formula f|T^ . 

Author is grateful to Audrey Polyanin for useful discussion of nonlinear 
differential equation Eq. fl^ . 
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